7 Abstract Simple limit equilibrium analyses can 8 be performed to determine the Factor of Safety 9 (FOS) against slope failure of unsaturated soil slopes. 10 However, many of the input parameters needed for 11 these analyses are highly variable, and the FOS value 12 obtained is critically dependent on assumptions made 13 by the designer. This paper describes a suite of reli-14 ability analyses on unsaturated soil slopes performed 15 using an invariant reliability model. The results are 16 presented in design charts from which a designer can 17 choose the FOS value required to ensure a given target 18 reliability index for a slope. The approach ensures that 19 despite the variability of input parameters the slope 20 will have a probability of failure of 2.23% or less.
expanded the Mohr-Coulomb 103 model to incorporate negative porewater pressure 104 (matric suction) effects:
106 106 where s = shear strength of unsaturated soils, c 0 is the 107 effective cohesion', r n is the total normal stress on the 108 failure plane, u a is the pore-air pressure on the failure 109 plane, / 0 is the angle of internal friction associated with 110 the net normal stress state variable r n -u, u w is the 111 pore-water pressure on the failure plane, u a -u w is the 112 matric suction on the failure plane, and / b is the angle 113 indicating the rate of increase in shear strength relative 114 to the matric suction. s, c 0 , r n , u a and u w are typically 115 given in kPa, whilst / 0 and / b are given in degrees. By 116 combining the effects of c 0 and the contribution of 117 matric suction (u a -u w ) tan / b into a single parameter 118 (C), (Fredlund and Rahardjo 1993) note that Eq. 1 119 takes the form of the conventional Mohr-Coulomb 120 model, and thus can be implemented easily into 121 existing slope stability software developed to analyse 122 saturated soil slopes. Using the method of slices, they 123 suggest that the variation of suction with depth in an 124 unsaturated soil slope can be modelled by dividing the 125 soil into discrete layers, and varying C within these 126 layers. They note that the drawbacks of this approach 127 are that C must be computed manually, remain 128 constant throughout the analysis and be set by the user. 129 Fourie et al. (1999) note that in most slope failures 130 caused by infiltration, the failure plane forms parallel 131 to the existing slope surface. For this reason they 132 suggest using an infinite slope model in which the 133 FOS is given by:
135 135 in which c is the unit weight of soil (kN/m 3 ), h is the 136 wetting front depth in metres and a is the slope angle 137 in degrees.
138 They suggest that Eq. 2 can provide useful infor-139 mation on the contribution of suction to the stability of 140 an unsaturated soil slope. This is illustrated in Fig. 1 Journal : Author Proof
where the stability of an embankment with a slope 142 angle of 40°, soil friction angle of 30°and a wetting 143 front depth which varies from 0.25 to 1.5 m is 144 presented. The effect of increasing the total cohesion 145 (C) from 0 to 12 kPa is considered. When C is zero, the 146 slope angle exceeds the friction angle of the soil, and 147 the FOS is below 1. Assuming the effective cohesion of 148 the soil is zero, the role of even a small suction in 149 maintaining the stability of steep slopes is evident. For 150 a given total cohesion, the FOS value of a slope reduces 151 as the wetting front depth increases, for example when 152 C = 4 kPa, the slope will fail when the wetting front 153 depth reaches 1 m. The limitations of this approach are 154 that the soil properties are assumed to be constant in the 155 zone above the wetting front. 156
The drawbacks associated with the method of 157 slices and infinite slope method can be overcome by 158 performing a Finite Element Analysis (FEA). Using a 159 constitutive model, which accounts for the effect of 160 suction on soil strength, and allows full discretisation 161 of the slope, thus permitting the soil properties to 162 vary in the wetted zone, a coupled seepage and 163 stability calculation can be performed. Although 164 these FEA approaches are possible, the complex soil 165 properties needed for the constitutive models are 166 difficult to measure accurately and are rarely avail-167 able for routine design situations. Babu and Murthy (2005) carried out a probabilistic 205 analysis of a slope using a planar slip surface model, 206 with c 0 , / 0 , c, / b , K (hydraulic conductivity), the 207 wetting front depth and the matric suction as variables.
208 The reliability index (b) was calculated using a First 209 Order Second Moment (FOSM) approach. In this 210 method, the FOS is determined at a design point 211 (normally the mean values of these variables). By 212 considering the variation of these variables, the 213 reliability of the slope is obtained. A sensitivity analysis 214 was performed which identified matric suction, K and 215 / b as the critical variables controlling slope stability. Author Proof
Invariant Reliability Analysis
217 Whilst the probabilistic approaches described are a 218 significant advance on traditional deterministic meth-219 ods, they do not fully utilise the power of probabilistic 220 analysis. Due to its simplicity the FOSM approach is 221 widely used. However, there are several disadvan-222 tages associated with FOSM, the most significant 223 being the lack of invariance of the approach for non-224 linear performance functions (USACE 1997) . 225 Hasofer and Lind (1974) propose a method to 226 determine an invariant estimate of b. By transforming 227 the random variables (x) into non-dimensional form 228 using the mean (E) and standard deviation (r), an 229 invariant estimate of b is determined:
230 231 When the limit-state (performance) function which 232 compares the Capacity and Demand is given by:
233 234
In the non-dimensional (reduced variable) space 235 the limit-state function can be rewritten for a number 236 of variables which affect both Capacity and Demand 237 as:
238 239
The limit-state surface g X ð Þ ½ ¼ 0 is the boundary 240 between safe and unsafe regions (see Fig. 2 ). The 241 reliability index estimated using the Hasofer-Lind 242 approach (b HL ) is the minimum distance from the 243 origin of the reduced variable space to the limit-state 244 surface (design point). Many workers have used a 245 cosine directional search approach to determine this 246 distance, however (Val et al. 1996) demonstrate that 247 because of the highly non-linear form of the perfor-248 mance functions considered, there is a tendency for 249 this approach to identify local minima. In such 250 circumstance the entire limit-state surface is not 251 examined and the method may fail to locate the true 252 reliability index. They show that by transforming the 253 normalised variables from rectangular to polar coor-254 dinates this problem is overcome. Although the 255 problem could also be addressed by using a full 256 population, iterative search technique such as the 257 Monte-Carlo or Genetic Algorithm methods, (Xue 258 and Gavin 2007) adopted the technique of transform-259 ing the variables to polar coordinates as it facilitated 260 the formulation of the complex objective function 261 and allowed them to develop a model which simul-262 taneously determined the critical slip surface and 263 reliability index of slopes using Bishop's simplified 264 method applied to non-circular failure surfaces. The 265 variables considered in the analyses included the soil 266 properties (c 0 , / 0 and c) and the coordinates of the slip 267 surface. The reliability index b HL , is given by (see 268
269 270 This constrained optimisation problem was solved 271 through the use of the Genetic Algorithm (GA) 272 method.
273 Gavin and Xue (2009) Author Proof
283 284 To avoid mathematical complexities when substi-285 tuting expressions describing the variables in Eq. 8, into 286 Eq. 2, it is convenient to group some of the variables:
288
The limit-state or performance function can now 289 be rewritten as:
290 291 Assuming C, /, c and h are normally distributed 292 and un-correlated, according to the Taylor series of 293 multi-variables we have:
295 295 and the reduced variables C, Y 1 and Y 2 can be 296 expressed as:
298 298 where: x 1 = cosh 1 cosh 2 , x 2 = cosh 1 sinh 2 and 299 x 3 = sinh 1 . 300 Substituting Eq. 12 into Eq. 10 and rewriting we 301 have:
302 303
Because of the assumption that the variables are 304 normally distributed, we must set lower bound values 305 for these variables:
307 307 This constrained optimisation problem was solved 308 through the use of a computationally efficient Genetic 309 Algorithm method Gavin and Xue (2009) , known as 310 Genetic Algorithm for Slope Stability Analysis 311 (GASSA). The reliability index b, computed using 312 GASSA, Monte-Carlo analysis and FOSM are com-313 pared in Fig. 3 . The stability of embankment slope, 314 considered in Fig. 1, was Considering Eq. 2, routine laboratory tests are 365 used to obtain values of / and c. In common soils 366 these values are relatively well defined are therefore 367 mean design values can be assigned with some 368 confidence. Because of significant recent interest in 369 the behaviour of partly saturated soils, major devel-370 opments in laboratory and field measurement com-371 plimented by modelling have been achieved. It is 372 relatively straightforward to measure the total cohe-373 sion C, in the laboratory or field (Springman et al. 374 2003) . An estimate of the wetting front depth h, can 375 be obtained using simple empirical methods (Gavin 376 and Xue 2008) or more accurate complex numerical 377 analyses (Ng and Shi 1998) . By making a number of 378 such determinations the variability of the critical 379 input parameters can be determined. The use of reliability theory to select a FOS consistent 382 with a target reliability index has been discussed by 383 (Benjamin and Cornell 1970; Whitman 1984) in his 384 seminal paper on the application of reliability analysis 385 in geotechnical engineering. The choice of b T is 386 normally based on (Benjamin and Cornell 1970) ; (1) 387 historical data, (2) mathematical modelling based on 388 probability theory or (3) quantification of expert 389 systems (Paikowsky et al. 2004) . Although for most 390 geotechnical problems the choice of b T is not 391 straightforward (Chowdhury and Flentje 2003) , sug-392 gest that for most slopes (outside of those in urban 393 areas) b T can be set at 2.0, which corresponds to a 394 probability of failure of 2.23%. Although this reliabil-395 ity index would classify the performance as poor in 396 accordance with (USACE 1999) , it is consistent with 397 b T which is implied by conventional practice in 398 geotechnical engineering (Whitman 1984 ) and will 399 be adopted in this paper. A framework is proposed in 400 which a designer can use a set of design charts, which 401 have been developed based on the invariant reliability 402 model, to choose a target FOS value to ensure a 403 consistent reliability index regardless of the uncer-404 tainty surrounding the input parameters. To minimise 405 the number of variables which need to be considered in 406 the design charts, the critical input parameters which 407 most strongly affect the reliability index are deter-408 mined in the following section. The influence of the absolute depth of the wetting 411 front (h) and the degree of uncertainty with respect to 412 the estimation of this value, i.e. the coefficient of 413 variation (COV = standard deviation/mean value), 414 on the FOS required to maintain the target reliability 415 index (b T ) of a 30°slope is illustrated in Fig. 4 . As 416 would be expected from the analyses of (Fourie et al. 417 1999) and others (see Fig. 1 ), as the wetting front 418 depth increases from 0.7 to 1.5 m, the mean cohesion 419 E(C) required to maintain the target reliability index Author Proof
for a given COV(h) value increased. It is 421 evident from Fig. 4 , that for the range of the wetting 422 front depths considered, as the level of uncertainty 423 regarding the evaluation of the wetting front depth 424 increased, the mean cohesion and the FOS value 425 required to achieve b T increased. For example for a 426 given wetting front depth, the FOS value required 427 increased from 1.36 to 1.68 when the COV(h) 428 increased from 0.05 to 0.15. The analyses suggest that 429 for a given value of E(C), the FOS required to achieve 430 b T is influenced significantly by the level of uncertainty 431 with respect to the estimate of the wetting front depth. 432
To study the influence of uncertainty with respect to 433 the mean value of cohesion COV(C) on the FOS 434 required to maintain the target reliability index, anal-435 yses were performed on three slopes, with slope angles 436 (a) of 30°, 35°and 45°. The soil properties adopted in 437 the analyses were E(/) = 34°and COV(/) = 0.1. 438 The COV(h) was varied from 0.05 in Fig. 5a to 0.15 in 439 Fig. 5b to examine the effect of COV(C) on the FOS 440 value required to achieve a target reliability index. The 441 results shown in Fig. 5 reveal that: 442 1. The FOS required to achieve the target reliability 443 index increased gradually until the COV(C) 444 exceeded 0.3, after which a significant increase 445 in FOS was required to meet the target reliability 446
index. 447 2. The rate of increase of FOS depended on the slope 448 angle and the COV(h). Considering Fig. 5a , only a 449 small increase in FOS was required to ensure 450 stability of a 30°slope, with COV(h) = 0.05, contrast, when the COV(h) increased to 0.15 (see 453 Fig. 5b ), the rate of increase of FOS was much 454 more significant. 455 3. In all cases, the largest increase in FOS required, 456 occurred for slopes where a was highest (i.e. the 457 difference between the slope angle and the mean 458 friction angle was greatest).
459
The effect of varying the water content of a soil on 460 the total cohesion (C) can be established using simple 461 in situ or laboratory tests (Springman et al. 2003; 462 Doherty et al. 2007 ) whilst the wetting front depth 463 can be estimated using either simple empirical 464 models or Finite Element Analyses. Once estimates 465 of the two parameters C and h can be determined the 466 FOS value of the slope can be determined using Eq. 2 467 or a design chart such as Fig. 1.  468 The sensitivity analyses performed using GASSA 469 in Figs. 4 and 5 suggests the uncertainty associated 470 with the determination of C and h, significantly 471 influences the FOS value required to achieve a target 472 reliability index. It is necessary to confirm this 473 observed behaviour using more established numerical 474 techniques such as Monte-Carlo analyses. In order to 475 perform this calibration excercies the FOS required to 476 maintain a b T value of 2.0 was calculated for a 30°4 77 slope, with a fixed wetting front depth of 0.7 m, soil 478 unit weight of 20 kN/m 3 (COV = 0.05). A Monte-479 Carlo analysis was performed on a slope with a slope 480 angle of 35°, soil friction angle / = 30°, COV(/) = 481 0.1, mean wetting front depth = 0.9 m, and mean 482 cohesion = 4 kPa (see Fig. 6a ). The FOS value was 483 fixed at 1.3 and the probability of failure (P f , which is 484 the probability that the demand will equal or exceed 485 the capacity) for a range of COV(C) between 0.1 and 486 0.4, and the COV(h) between 0.05 and 0.15 weas 487 calculated. The data shown in Fig. 6b show that for all 488 COV(C) values considered, P f increased approxi-489 mately linearly as COV(h) increased from 0.01 to 0.15. 490 Thereafter, P f increased sharply. This response is 491 entirely comparable with the predictions of GASSA.
492 4 Design Charts 493 The sensitivity analyses performed in the previous 494 section suggests that uncertainty associated with the 495 determination of C and h significantly influences the 496 FOS value required to achieve a target reliability 497 index. By considering different values for the COV of 498 C and h, design charts can be constructed for a range 499 of slopes. In the charts the target reliability index is 500 fixed at 2, and the FOS required to obtain this value 501 was investigated for different values of COV of the 502 total cohesion and wetting front depth. Four values of 503 COV(C), 0.1, 0.2, 0.3 and 0.4 were considered. Since 504 in the sensitivity analyses the FOS was found to 505 increase almost linearly with COV(h), for values 506 between 0.05 and 0.15, only the upper and lower 507 values in this range were included. Slope angles of 508 25°, 30°, 35°, 40°and 45°were assumed and for each 509 of these slopes analyses were performed for soil 510 friction angles of 26°, 30°and 40°to give a range of 511 values typically encountered in design practice. The 512 coefficient of variation of the soil friction angle was 513 assumed to be 0.1, and a mean soil unit weight of 514 20 kN/m 3 was assigned to the soil with a COV of 515 0.05. The FOS values required for the conditions 516 considered are shown in Fig. 7 . It should be noted 517 that the results for three or four slopes angles are 518 plotted on each design chart merely for brevity and 519 this analysis approach could be applied to a wider 520 range of slope angles and soil properties. The FOS 521 values for all slopes angles at a given COV(C) are not 522 directly comparable as the mean values for cohesion 523 were not equal. The values of the parameters / and a 524 were chosen such that linear interpolation could be 525 performed to consider intermediate values not spe-526 cifically shown in Fig. 7 . 527 5 Application of the Design Charts 528 A deterministic analysis of the stability of an unsat-529 urated soil slope, with a slope angle of 40°was 530 presented in Fig. 1 . In this analysis, the soil friction 531 angle and unit weight were taken as 30°and 20 kN/m 3 532 respectively. When the total cohesion was assumed to 533 be 8 kPa, and the wetting front depth was 1 m, Author Proof
542 parameters used in the analysis. Assuming the soil 543 properties and wetting front depth given above are 544 the mean values obtained from a number of mea-545 surements or estimates of /, c, C and h, and the COV 546 of / and c were 0.1 and 0.05 respectively, the 547 uncertainty with respect to the measured or estimated 548 values of C and h can be investigated using the design 549 charts given in Fig. 7 . 550 If we consider in the first instance, good confi-551 dence in the values of C and h, and assign COV 552 values of 0.1 and 0.05 respectively, then a target 553 value for FOS = 1.25 is obtained form Fig. 7c . This 554 is lower than the value (1.45) achieved using just the 555 mean values of the variables and the minimum 556 allowable value (1.3). The slope therefore has a low 557 probability of failure and a reliability index signifi-558 cantly higher than 2.0. An alternative view of its 559 stability can be considered in Fig. 8 , where for the 560 FOS value of 1.25 (associated with a target reliability 561 index of 2), suggest the safety of the slope is adequate 562 until the wetting front depth reaches 1.4 m below 563 ground level (i.e. much deeper than the wetting front 564 depth of 1 m identified in the deterministic analysis). 565 However, if there was greater uncertainty about 566 the estimate of cohesion and the variability of this 567 parameter COV(C) increased to 0.3, then from 568 Fig. 7c the FOS value required to meet the target 569 reliability index increases to 1.75. This is larger than 570 the value of 1.45 achieved in the deterministic 571 analysis and this indicates that the reliability index 572 is less than 2. According to the probabilistic analysis, 573 the slope performance would become unacceptable if 574 the wetting front depth reach 0.75 m below ground 575 level. Whilst the reduction in FOS is fundamentally 576 caused by the increased variability of the parameters 577 used in the stability analysis, the relatively large 578 increase in FOS required to meet the target reliability 579 index, from 1.25 to 1.75 is exacerbated because for 
